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Classical analysis on Euclidean spaces (as in [100, 103])
Fix a positive integer n, and consider the Euclidean space Rn equipped
with the standard distance function |x − y| and Lebesgue measure. If f(x)
is a locally-integrable function on Rn, then the Hardy–Littlewood maximal
function f ∗(x) associated to f is defined by
f ∗(x) = sup
x∈B
1
µ(B)
∫
B
|f(y)| dµ(y),(1)
where the supremum is taken over all open balls B in Rn which contain x.
The supremum may be +∞, so that f ∗ is actually a (nonnegative) extended
real-valued function. This is sometimes referred to as the uncentered maximal
function, and there are variants defined in terms of balls centered at x, or
using cubes instead of balls. A nice feature of f ∗(x) is that it is upper
semicontinuous, which is to say that
{x ∈ Rn : f ∗(x) > t}(2)
is an open subset of Rn for each positive real number t. Indeed, if f ∗(x) > t
for some x, then there is a ball B containing x such that
1
µ(B)
∫
B
|f(y)| dµ(y) > t,(3)
and it follows that f ∗(z) > t for all z in B.
Clearly the supremum of f ∗ is less than or equal to the L∞ norm of f . A
famous weak type (1, 1) result says that
|{x ∈M : f ∗(x) > t}| ≤ C(n) t−1‖f‖1,(4)
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for some constant C(n) > 0 that depends only on the dimension n and all
functions f , where |E| denotes the Lebesgue measure of a set E and ‖f‖1 is
the usual L1 norm of f . In particular, f ∗ is finite almost everywhere in this
case. For p > 1 there is a strong type result, which means that
‖f ∗‖p ≤ C(n, p) ‖f‖p(5)
for some constant C(n, p) which depends only on n and p, and where ‖f‖p de-
notes the usual Lp norm of f . This can in fact be derived from the preceding
estimates for p = 1,∞ through a general interpolation result.
One might be interested in other kinds of averages of f , such as those
given by integrating f against the Poisson kernel or the Gauss–Weierstrass
kernel. These are exactly the quantities which arise in the extensions of
f to the upper half space Rn × (0,∞) which are harmonic or satisfy the
heat equation (and which satisfy additional mild growth conditions to avoid
modest ambiguities). Fortunately, these averages can be estimated in terms
of averages over balls in a simple way, so that the corresponding maximal
functions are bounded in terms of f ∗. Thus the inequalities above for f ∗
provide basic results about the boundary behavior of solutions to the Laplace
and heat equations on Rn × (0,∞).
Some other interesting operators are the singular integral operators
Rj(f)(x) = p.v.
∫
Rn
xj − yj
|x− y|n+1
f(y) dy,(6)
1 ≤ j ≤ n, and
Iit(f)(x) = p.v.
∫
Rn
1
|x− y|n+it
f(y) dy,(7)
t ∈ R, t 6= 0. Some care is involved in taking the principal values, especially
in the second case. For Iit, different ways of defining the principal values will
even lead to different answers, but the difference is rather mild (a multiple
of the identity operator).
One can show that these operators are bounded on L2 using special struc-
ture related to p = 2, i.e., Fourier transform and Hilbert space methods. This
can be extended to boundedness on Lp when 1 < p <∞ and the weak type
(1, 1) property for p = 1 using well-known techniques in harmonic analy-
sis. For p = ∞ there are estimates in terms of BMO, as a substitute for
L∞ bounds which do not work. Similar results apply to numerous other
operators of similar type.
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Spaces of homogeneous type [20, 21]
A space of homogeneous type can be described as a triple (M, d(x, y), µ),
whereM is a nonempty set, d(x, y) is a metric onM (and thus is a symmetric
nonnegative real-valued function on M × M which vanishes exactly when
x = y and satisfies the triangle inequality), and µ is a doubling measure on
M . The latter means that µ is a nonnegative Borel measure which assigns
positive finite measure to open balls in M , and for which there is a constant
C > 0 such that
µ(B(x, 2r)) ≤ C µ(B(x, r))(8)
for every ball B(x, r) in M . Of course (8) implies that µ assigns positive
finite measure to every open ball in M as soon as this holds for a single such
ball. One might also ask that M be complete, in the sense that Cauchy
sequences converge, or that open subsets of M be realizable as countable
unions of compact sets. Basic examples of spaces of homogeneous type are
given by Euclidean spaces with the standard metric and Lebesgue measure.
Reasonably-smooth domains or manifolds are also included in this notion.
It can be convenient to allow d(x, y) to be a quasimetric instead of a
metric, which means that a positive constant factor is allowed on the right
side of the triangle inequality, and the notion of a space of homogeneous
type is often formulated in this manner. As in [79], there are always metrics
not too far from quasimetrics, so that for many purposes one might as well
restrict to metrics.
The Hardy–Littlewood maximal function f ∗ associated to a locally-integrable
function f can be defined on a space of homogeneous type in the same man-
ner as on Euclidean spaces. A basic fact is that the weak type (1, 1) estimate
extends to this general setting. The supremum of f ∗ is still bounded by the
L∞ norm of f , and Lp estimates for 1 < p < ∞ follow from the p = 1,∞
estimates through general interpolation arguments, as before.
Another basic result is that one has “Caldero´n–Zygmund inequalities” for
singular integral operators analogous to those on Rn. That is, one can start
with a linear operator T which is bounded on L2, or some other fixed Lp1 ,
and which is associated to a kernel that satisfies suitable size and smoothness
conditions, and derive boundedness on Lp for all 1 < p <∞ and a weak-type
inequality for p = 1. One can also get BMO extimates for p =∞, estimates
on Hardy spaces as an alternative to the weak-type inequality for p = 1 as
well as allowing for some p < 1, etc. The compatibility between the metric
and the measure given by the doubling condition is quite remarkable.
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Let us mention two classes of examples of spaces of homogeneous type
which were examined on their own before the general notion. In the first
case, which was studied by my colleague Frank Jones [65], one takes Rn×R
with the distance between two points (x, s), (y, t) defined to be
|x− y|+ |s− t|1/2,(9)
where |x − y|, |s − t| denote the usual distances in Rn, R, respectively.
Sometimes other expressions are used for essentially the same geometry; a
key point is that the distance behaves well under the non-isotropic dilations
(x, t) 7→ (rx, r2t),(10)
for r > 0, just as the ordinary metric on Rn behaves well under the dilations
x 7→ rx. Of course the metric is also invariant under translations on Rn×R,
and is compatible with the usual topology. For the measure one still uses
Lebesgue measure. The measure of a ball of radius ρ is a constant multiple of
ρn+2, and the doubling condition is satisfied. In this case the singular integral
theory can be applied to operators related to the heat operator, whereas the
standard geometry on Rn fits with operators related to the Laplacian. Note
that there is a kind of tricky point here, in which the t parameter is included
in the underlying space.
A second basic situation corresponds to the unit sphere in Cn, which, for
n ≥ 2, has a non-Euclidean geometry which is adapted to several complex
variables, holomorphic functions on the unit ball in Cn, etc. Just as in the
previous case, one can still use ordinary Lebesgue measure on the sphere,
and this measure is doubling with respect to the non-Euclidean geometry.
(For that matter, it is also doubling with respect to the usual Euclidean
geometry.) The Hardy–Littlewood maximal function with respect to the
non-Euclidean geometry is closely connected to maximal functions and limits
for holomorphic functions in the ball along certain “admissible” regions, just
as the classical maximal function is connected to nontangential maximal
functions for holomorphic functions in one complex variable or harmonic
functions in several real variables. A fundamental singular integral operator
in this situation is the Szego¨ projection, which is the orthogonal projection
from L2 of the unit sphere onto the subspace of functions which are boundary
values of holomorphic functions on the ball. This operator is bounded on L2
with norm 1 by definition, and its kernel can be computed explicitly. With
respect to the non-Euclidean geometry, the kernel satisfies the appropriate
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size and smoothness conditions, so that the operator is in fact bounded on
Lp, 1 < p <∞, and so on. See [68, 69, 70, 71, 72, 74, 85, 101, 102].
Semigroups of operators
In another direction, suppose that B is a Banach space, and that {Tt}t≥0
is a semigroup of bounded operators on B. Specifically, assume that T0 is
the identity operator I, that the operator norm of Tt is bounded by some
constant k for 0 ≤ t ≤ 1, that
Ts+t = Ts ◦ Tt(11)
for all s, t ≥ 0, and that limt→0 Tt(f) = f for all f in B. Of course the
semigroup property together with the uniform bound for the operator norm
of the Tt’s for 0 ≤ t ≤ 1 implies an exponentially-increasing bound for the
operator norm of Tt for all t’s.
There is a remarkable amount of mathematics around this kind of sit-
uation. In fact, this is just the beginning; one can add relatively-simple
hypotheses which occur in numerous settings and which add quite a bit
more structure. As a basic distinction, one might think of {Tt}t≥0 as being a
semigroup of unitary transformations on a Hilbert space, or a semigroup of
invertible linear mappings on a Banach space more generally, as is associated
to solutions of a wave equation, or one might think of {Tt}t≥0 as defining a
diffusion, as is associated to solutions of a heat equation.
Here we shall mostly focus on the second type of situation. We assume
now that we have a measure space M with a positive measure µ, and we
take for our Banach space B the Hilbert space L2(M,µ). We ask too that
each Tt be self-adjoint and positivity-preserving, which means that for each
nonnegative function f on M , Tt(t) is also a nonnegative function on M for
every t ≥ 0. Each of these conditions is significant in its own right, and part
of the beauty of the subject arises from the interplay between them.
Let us also ask that the Tt’s extend to bounded operators on L
p(M,µ) for
each 1 ≤ p ≤ ∞, and in fact that the Tt’s are contractions on all L
p, which
is to say that the operator norms are all less than or equal to 1. If 1 denotes
the function onM which is identically equal to 1, then we ask that Tt(1) = 1
for all t. These conditions are satisfied by the semigroups associated to the
heat kernel and Poisson kernel on Rn, for instance.
A famous result of Stein states that the maximal function inequalities
‖ sup
t>0
|Tt(f)|‖p ≤ Ap ‖f‖p(12)
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hold for 1 < p ≤ ∞, i.e., for some constant Ap and all functions f in L
p. In
this setting there is also a “singular integral operator” theory, for operators
which are functions of the generator of the semigroup. Boundedness on L2
for these operators is easily determined through the spectral representation.
Some general conditions for boundedness on Lp are described in [99], and of
course more precise information depends on the particular situation.
The significance of self-adjointness is illustrated by the example where
Tt is defined on functions on R to be translation by t. This semigroup of
operators is positivity-preserving and preserves all Lp norms, but the max-
imal inequality fails completely for p < ∞. In this case it is natural to
consider averages of Ttf and suprema of the averages, as in ergodic theory,
and as for semigroups associated to measure-preserving transformations on
the underlying measure space more generally.
Semigroups and geometry
There are very interesting combinations of the spaces of homogeneous type
and semigroups of operators pictures, involving bounds for kernels of semi-
groups, and Lp mapping properties of operators related to the semigroup.
See [3, 4, 25, 26, 27, 34, 35], for instance. Another perspective has recently
been studied in [48], with the following set-up. One assumes again that
(M, d(x, y)) is a metric space, that µ is a positive Borel measure on it, and
that Tt is a symmetric contraction semigroup of linear operators as before.
Now one asks in addition that for t > 0 the operator Tt is defined by a
nonnegative kernel kt(x, y), so that
Tt(f)(x) =
∫
M
kt(x, y) f(y) dµ(y).(13)
For the kernel kt(x, y) one considers upper and lower bounds of the form
1
tα/β
φ1
(
d(x, y)β
t
)
≤ kt(x, y) ≤
1
tα/β
φ2
(
d(x, y)β
t
)
.(14)
Here α, β are positive constants, and φ1(u), φ2(u) are monotone decreasing
positive functions on [0,∞), with φ1(u1) > 0 for some u1 > 0 and φ2(u)
normally asked to satisfy decay conditions.
The parameter α is related to volume growth in M , and this is discussed
in [48]. The connection between β and the geometry of M is also treated in
[48]. For the standard heat semigroup on Euclidean spaces, β is always equal
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to 2. There are heat semigroups associated to subelliptic operators in place
of the ordinary Laplacian which also satisfy these conditions with β = 2, with
respect to an associated metric. A basic version of this arises for the unit
sphere in Cn, n ≥ 2, and non-Euclidean geometry on it, as indicated earlier.
There are a number of fractals such as Sierpinski gaskets and carpets and
semigroups on them which satisfy the conditions above with various values
of β. Compare with [6, 7, 8, 9, 10, 37, 67, 75].
Without the semigroup property, there are well-known fairly simple con-
structions of approximations to the identity on spaces of homogeneous type
with nice properties. The semigroup property of course imposes very strong
restrictions. For that matter, commutativity of the operators in the family
is a substantial condition.
Let us note that decay conditions on φ2(u) above can be quite significant.
A very nice contraction semigroup on Rn is given by the Poisson kernel,
and for this kernel the decay is not very fast. Modest decay conditions for
the kernel are adequate for a number of applications, even if they are not
sufficient for other results, as in [48].
Analysis on fractals like Sierpinski gaskets and carpets
Of course decay conditions for the kernel of a semigroup are closely connected
to locality conditions for the generator of the semigroup. In the classical cases
on Euclidean spaces or tori for periodic functions, etc., the heat kernel has
fast decay and is generated by the Laplace operator, while the Poisson kernel
does not have very fast decay and is generated by a constant multiple of the
square root of the Laplace operator, which is not a local operator.
The fast decay for the kernels of the semigroups on Sierpinski gaskets and
carpets mentioned before reflects the fact that the generators are nice local
operators, versions of “Laplacians” for these fractals. The fractal structures
play a role and are reflected in the parameter β, but still there are nice
operators which are like differential operators.
For example, there are remarkable results concerning elliptic and parabolic
Harnack inequalities for these operators. See [6, 7, 8, 9, 67].
7
References
[1] G. Alexopoulos, Sub-Laplacians with Drift on Lie Groups of Polynomial
Volume Growth, Memoirs of the American Mathematical Society 739,
2002.
[2] L. Ambrosio and P. Tilli, Selected Topics on “Analysis in Metric
Spaces”, Scuola Normale Superiore, Pisa, 2000.
[3] P. Auscher, A. McIntosh, and P. Tchamitchian, Heat kernels for second
order complex elliptic operators and applications, Journal of Functional
Analysis 152 (1998), 22–73.
[4] P. Auscher and P. Tchamitchian, Square root problem for divergence
operators and related topics, Aste´risque 249, 1998.
[5] D. Bakry, T. Coulhon, M. Ledoux, and L. Saloff-Coste, Sobolev inequal-
ities in disguise, Indiana University Mathematics Journal 44 (1995),
1033–1074.
[6] M. Barlow and R. Bass, Transition densities for Brownian motion on
the Sierpinski carpet, Probability Theory and Related Fields 91 (1992),
307–330.
[7] M. Barlow and R. Bass, Coupling and Harnack inequalities for Sierpin-
ski carpets, Bulletin of the American Mathematical Society (N.S.) 29
(1993), 208–212.
[8] M. Barlow and R. Bass, Brownian motion and harmonic analysis on
Sierpinski carpets, Canadian Journal of Mathematics 51 (1999), 673–
744.
[9] M. Barlow and R. Bass, Divergence form operators on fractal-like do-
mains, Journal of Functional Analysis 175 (2000), 214–247.
[10] M. Barlow and E. Perkins, Brownian motion on the Sierpinski gasket,
Probability Theory and Related Fields 79 (1988), 542–624.
[11] R. Beals, B. Gaveau, and P. Greiner, Hamilton–Jacobi theory and the
heat kernel on Heisenberg groups, Journal de Mathe´matiques Pures et
Applique´es (9) 79 (2000), 633–689.
8
[12] R. Beals, P. Greiner, and N. Stanton, The heat equation and geometry
of CR manifolds, Bulletin of the American Mathematical Society (N.S.)
10 (1984), 275–276.
[13] R. Beals, P. Greiner, and N. Stanton, The heat equation on a CR man-
ifold, Journal of Differential Geometry 20 (1984), 343–387.
[14] A. Bellow, Transference principles in ergodic theory, in Harmonic Anal-
ysis and Partial Differential Equations: Essays in Honor of Alberto
Caldero´n (M. Christ, C. Kenig, and C. Sadosky, eds.), 27–39, University
of Chicago Press, Chicago, 1999.
[15] A. Bellow and A. Caldero´n, A weak-type inequality for convolution prod-
ucts, in Harmonic Analysis and Partial Differential Equations: Essays
in Honor of Alberto Caldero´n (M. Christ, C. Kenig, and C. Sadosky,
eds.), 41–48, University of Chicago Press, Chicago, 1999.
[16] E. Berkson, M. Paluszynski, and G. Weiss, Transference couples and
weighted maximal estimates, in Harmonic Analysis and Partial Differ-
ential Equations: Essays in Honor of Alberto Caldero´n (M. Christ,
C. Kenig, and C. Sadosky, eds.), 49–67, University of Chicago Press,
Chicago, 1999.
[17] M. Bourdon, Immeubles hyperboliques, dimension conforme et rigidite´
de Mostow, Geometric and Functional Analysis 7 (1997), 245–268.
[18] M. Bourdon and H. Pajot, Poincare´ inequalities and quasiconformal
structures on the boundary of some hyperbolic buildings, Proceedings of
the American Mathematical Society 127 (1999), 2315–2324.
[19] M. Bourdon and H. Pajot, Cohomologie ℓp et espaces de Besov, preprint,
2002.
[20] R. Coifman and G. Weiss, Analyse Harmonique Non-Commutative
sur Certains Espaces Homoge`nes, Lecture Notes in Mathematics 242,
Springer-Verlag, 1971.
[21] R. Coifman and G. Weiss, Extensions of Hardy spaces and their use
in analysis, Bulletin of the American Mathematical Society 83 (1977),
569–645.
9
[22] R. Coifman and G. Weiss, Transference Methods in Analysis, Confer-
ence Board of the Mathematical Sciences Regional Conference Series in
Mathematics 31, American Mathematical Society, 1977.
[23] T. Coulhon, Espaces de Lipschitz et ine´galite´s de Poincare´, Journal of
Functional Analysis 136 (1996), 81–113.
[24] T. Coulhon, Ultracontractivity and Nash type inequalities, Journal of
Functional Analysis 141 (1996), 510–539.
[25] T. Coulhon and X. Duong, Riesz transforms for 1 ≤ p ≤ 2, Transactions
of the American Mathematical Society 351 (1999), 1151–1169.
[26] T. Coulhon and X. Duong, Maximal regularity and kernel bounds: ob-
servations on a theorem by Hieber and Pru¨ss, Advances in Differential
Equations 5 (2000), 343–368.
[27] T. Coulhon and X. Duong, Riesz transforms for p > 2, Comptes Rendus
de l’Acade´mie des Sciences Paris Se´r. I Math. 332 (2001), 975–980.
[28] T. Coulhon and L. Saloff-Coste, Isope´rime´trie pour les groupes et les
varie´te´s, Revista Matema´tica Iberoamericana 9 (1993), 293–314.
[29] D. Danielli, N. Garofalo, and D.-M. Nhieu, Non-doubling Ahlfors mea-
sures, perimeter measures, and the characterization of the trace spaces
of Sobolev functions in Carnot–Carathe´odory spaces, preprint, 2002.
[30] G. David and S. Semmes, Strong A∞-weights, Sobolev inequalities, and
quasiconformal mappings, in Analysis and Partial Differential Equations
(C. Sadosky, ed.), 101–111, Marcel Dekker, 1990.
[31] G. David and S. Semmes, Fractured Fractals and Broken Dreams: Self-
Similar Geometry through Metric and Measure, Oxford University Press,
1997.
[32] R. DeVore and R. Sharpley, Maximal Functions Measuring Smoothness,
Memoirs of the American Mathematical Society 293, 1984.
[33] J. Duoandikoetxea, Fourier Analysis, translated and revised by D. Cruz-
Uribe, SFO, American Mathematical Society, 2001.
10
[34] X. Duong and A. McIntosh, Singular integral operators with non-smooth
kernels on irregular domains, Revista Matema´tica Iberoamericana 15
(1999), 233–265; corrigenda, 16 (2000), 217.
[35] X. Duong and D. Robinson, Semigroup kernels, Poisson bounds, and
holomorphic functional calculus, Journal of Functional Analysis 142
(1996), 89–128.
[36] J. Ferna´ndez and J. Rodr´ıguez, Area growth and Green’s function of
Riemann surfaces, Arkiv fo¨r Matematik 30 (1992), 83–92.
[37] P. Fitzsimmons, B. Hambly, and T. Kumagai, Transition density esti-
mates for Brownian motion on affine nested fractals, Communications
in Mathematical Physics 165 (1994), 595–620.
[38] G. Folland and E. Stein, Hardy Spaces on Homogeneous Groups, Prince-
ton University Press, 1982.
[39] B. Franchi, P. Haj lasz, and P. Koskela, Definitions of Sobolev classes
on metric spaces, Annales de l’Institut Fourier (Grenoble) 49 (1999),
1903–1924.
[40] B. Franchi, R. Serapioni, and F. Serra Cassano, Sur les ensembles
de pe´rime`tre fini dans le groupe de Heisenberg, Comptes Rendus de
l’Acade´mie des Sciences Paris Se´r. I Math. 329 (1999), 183–188.
[41] B. Franchi, R. Serapioni, and F. Serra Cassano, Rectifiability and
perimeter in the Heisenberg group, Mathematiche Annalen 321 (2001),
479–531.
[42] B. Franchi, R. Serapioni, and F. Serra Cassano, Regular hypersurfaces,
intrinsic perimeter, and implicit function theorem in Carnot groups, to
appear, Communications in Analysis and Geometry.
[43] M. Fukushima, Dirichlet forms, diffusion processes and spectral dimen-
sion for nested fractals, in Ideas and Methods in Mathematical Analysis,
Stochastics, and Applications (Oslo, 1988), 151–161, Cambridge Uni-
versity Press, 1992.
[44] J. Garc´ı-Cuerva, G. Mauceri, S. Meda, P. Sjo¨gren, and J. Torrea, Func-
tional calculus for the Ornstein–Uhlenbeck operator, Journal of Func-
tional Analysis 183 (2001), 413–450.
11
[45] J. Garc´ıa-Cuerva and J. Rubio de Francia, Weighted Norm Inequalities
and Related Topics, North-Holland, 1985.
[46] A. Grigoryan, The heat equation on noncompact Riemannian manifolds,
Mat. Sb. 182 (1991), 55–87; Math. USSR-Sb. 72 (1992), 47–77.
[47] A. Grigoryan, Analytic and geometric background of recurrence and non-
explosion of the Brownian motion on Riemannian manifolds, Bulletin of
the American Mathematical Society (N.S.) 36 (1999), 135–249.
[48] A. Grigoryan, J. Hu, and K.-S. Lau, Heat kernels on metric-measure
spaces and an application to semi-linear elliptic equations, preprint,
2002.
[49] A. Grigoryan and A. Telcs, Sub-Gaussian estimates of heat kernels on
infinite graphs, Duke Mathematical Journal 109 (2001), 451–510.
[50] M. Gromov, Structures Me´triques pour les Varie´te´s Riemanniennes
(J. Lafontaine and P. Pansu, eds.), Cedic/Fernand Nathan, Paris, 1981.
[51] M. Gromov, Carnot-Carathe´odory spaces seen from within, in Sub-
Riemannian Geometry (A. Bellaiche and J.-J. Risler, eds.), 79–323,
Birkha¨user, 1996,
[52] M. Gromov et al., Metric Structures for Riemannian and non-
Riemannian Spaces, Birkha¨user, 1999.
[53] P. Haj lasz, Sobolev spaces on an arbitrary metric space, Potential Anal-
ysis 5 (1996), 403–415.
[54] P. Haj lasz and P. Koskela, Sobolev meets Poincare´, Comptes Rendus de
l’Acade´mie des Sciences Paris Se´r. I Math. 320 (1995), 1211–1215.
[55] P. Haj lasz and P. Koskela, Sobolev met Poincare´, Memoirs of the Amer-
ican Mathematical Society 668, 2000.
[56] B. Hambly and T. Kumagai, Transition density estimates for diffusion
processes on post critically finite self-similar fractals, Proceedings of the
London Mathematical Society (3) 78 (1999), 431–458.
[57] E. Hebey, Sobolev Spaces on Riemannian Manifolds, Lecture Notes in
Mathematics 1635, Springer-Verlag, 1996.
12
[58] E. Hebey, Nonlinear Analysis on Manifolds: Sobolev Spaces and Inequal-
ities, Courant Lectuure Notes in Mathematics 5, American Mathemat-
ical Society and Courant Institute of Mathematical Sciences, 1999.
[59] W. Hebisch, Spectral multipliers on exponential growth solvable Lie
groups, Mathematische Zeitschrift 229 (1998), 435–441.
[60] W. Hebisch, Spectral multipliers on metabelian groups, Revista
Matema´tica Iberoamericana 16 (2000), 597–604.
[61] W. Hebisch and L. Saloff-Coste, On the relation between elliptic and
parabolic Harnack inequalities, Annales de l’Institut Fourier (Grenoble)
51 (2001), 1437–1481.
[62] J. Heinonen, Calculus on Carnot groups, Notes from lectures given at
the Jyva¨skyla¨ Fall School of Analysis in October, 1994), Ber. Jyva¨skyla¨
Univ. Math. Inst. 68 (1995), 1–31.
[63] J. Heinonen, Lectures on Analysis on Metric Spaces, Springer-Verlag,
2001.
[64] E. Hille and R. Phillips, Functional Analysis and Semi-Groups, Collo-
quium Publications 31, American Mathematical Society, 1957.
[65] F. Jones, A class of singular integrals, American Journal of Mathematics
86 (1964), 441–462.
[66] J.-L. Journe´, Caldero´n–Zygmund Operators, Pseudodifferential Opera-
tors, and the Cauchy Integral of Caldero´n, Lecture Notes in Mathemat-
ics 994, Springer-Verlag, 1983.
[67] J. Kigami, Analysis on Fractals, Cambridge University Press, 2001.
[68] A. Koranyi, The Poisson integral for generalized half-planes and bounded
symmetric domains, Annals of Mathematics (2) 82 (1965), 332–350.
[69] A. Koranyi, Harmonic functions on Hermitian hyperbolic space, Trans-
actions of the American Mathematical Society 135 (1969), 507–516.
[70] A. Koranyi, A remark on boundary values of functions of several complex
variables, in Several Complex Variables, I, Lecture Notes in Mathematics
155, 115–121, Springer-Verlag, 1970.
13
[71] A. Koranyi and S. Vagi, Inte´grales singulie`res sur certains espaces ho-
moge`nes, Comptes Rendus Acad. Sci. Paris Se´r. A-B 268 (1969), A765–
A768.
[72] A. Koranyi and S. Vagi, Singular integrals on homogeneous spaces and
some problems of classical analysis, Annali della Scuola Normale Supe-
riore di Pisa (3) 25 (1971), 575–648.
[73] S. Krantz, A Panorama of Harmonic Analysis, Carus Mathematical
Monographs 27, Mathematical Association of America, 1999.
[74] S. Krantz, Function Theory of Several Complex Variables, American
Mathematical Society Chelsea Publishing, 2001.
[75] T. Kumagai, Estimates of the transition densities for Brownian motion
on nested fractals, Probability Theory and Related Fields 96 (1993),
205–224.
[76] T. Laakso, Ahlfors Q-regular spaces with arbitrary Q > 1 admitting weak
Poincare´ inequality, Geometric and Functional Analysis 10 (2000), 111–
123.
[77] T. Laakso, Plane with A∞-weighted metric not bilipschitz embeddable to
Rn, Reports of the Department of Mathematics, University of Helsinki
258, 2000.
[78] G. Leonardi and S. Rigot, Isoperimetric sets on Carnot groups, to ap-
pear, Houston Journal of Mathematics.
[79] R. Macias and C. Segovia, Lipschitz functions on spaces of homogeneous
type, Advances in Mathematics 33 (1979), 257–270.
[80] R. Macias and C. Segovia, A decomposition into atoms of distributions
on spaces of homogeneous type, Advances in Mathematics 33 (1979),
271–309.
[81] A. Nahmod, Geometry of operators and spectral analysis on spaces of
homogeneous type, Comptes Rendus de l’Acade´mie des Sciences Paris,
Se´r. I Math. 313 (1991), 721–725.
[82] A. Nahmod, Generalized uncertainty principles on spaces of homoge-
neous type, Journal of Functional Analysis 119 (1994), 171–209.
14
[83] M. Picardello and W. Woess, editors, Random Walks and Discrete Po-
tential Theory (Proceedings of the Conference Held in Cortona, June,
1997), Cambridge University Press, 1999.
[84] D. Robinson, Elliptic Operators and Lie Groups, Oxford University
Press, 1991.
[85] W. Rudin, Function Theory in the Unit Ball of Cn, Springer-Verlag,
1980.
[86] C. Sadosky, Interpolation of Operators and Singular Integrals: An In-
troduction to Harmonic Analysis, Marcel Dekker, 1979.
[87] L. Saloff-Coste, A note on Poincare´, Sobolev, and Harnack inequalities,
International Mathematics Research Notices No. 2 (1992), 27–38.
[88] S. Semmes, Differentiable function theory on hypersurfaces in Rn (with-
out bounds on their smoothness), Indiana University Mathematics Jour-
nal 39 (1990), 985–1004.
[89] S. Semmes, Bilipschitz mappings and strong A∞ weights, Annales
Academiæ Scientiarum Fennicæ Mathematica Ser. A.I. Math. 18 (1993),
211–248.
[90] S. Semmes, Good metric spaces without good parameterizations, Revista
Matema´tica Iberoamericana 12 (1996), 187–275.
[91] S. Semmes, On the nonexistence of bilipschitz parameterizations and geo-
metric problems about A∞ weights, Revista Matema´tica Iberoamericana
12 (1996), 337–410.
[92] S. Semmes, Finding curves on general spaces through quantitative topol-
ogy, with applications for Sobolev and Poincare´ inequalities, Selecta
Mathematica (N.S.) 2 (1996), 155–295.
[93] S. Semmes, Some remarks about about metric spaces, spherical map-
pings, functions and their derivatives, Publicacions Matema`tiques 40
(1996), 411–430.
[94] S. Semmes, Analysis on metric spaces, in Harmonic Analysis and Partial
Differential Equations: Essays in Honor of Alberto Caldero´n (M. Christ,
15
C. Kenig, and C. Sadosky, eds.), 285–294, University of Chicago Press,
Chicago, 1999.
[95] S. Semmes, Metric spaces and mappings seen at many scales, appendix
in [52].
[96] S. Semmes, Some Novel Types of Fractal Geometry, Oxford University
Press, 2001.
[97] N. Shanmugalingam, Newtonian spaces: An extension of Sobolev spaces
to metric measure spaces, Revista Matema´tica Iberoamericana 16
(2000), 243–279.
[98] N. Shanmugalingam, Harmonic functions on metric spaces, Illinois Jour-
nal of Mathematics 45 (2001), 1021–1050.
[99] E. Stein, Topics in Harmonic Analysis Related to the Littlewood–Paley
Theory, Annals of Mathematics Studies 63, Princeton University Press,
1970.
[100] E. Stein, Singular Integrals and Differentiability Properties of Func-
tions, Princeton University Press, 1970.
[101] E. Stein, Boundary Behavior of Holomorphic Functions of Several
Complex Variables, Princeton University Press, 1972.
[102] E. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality,
and Oscillatory Integrals, Princeton University Press, 1993.
[103] E. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean
Spaces, Princeton University Press, 1971.
[104] R. Strichartz, Analysis on fractals, Notices of the American Mathemat-
ical Society 46 (1999), 1199–1208.
[105] A. Telcs, Volume and time doubling of graphs and random walks: the
strongly recurrent case, Communications on Pure and Applied Mathe-
matics 54 (2001), 975–1018.
[106] A. Torchinsky, Real-Variable Methods in Harmonic Analysis, Academic
Press, 1986.
16
[107] W. Woess, Random Walks on Infinite Graphs and Groups, Cambridge
University Press, 2000.
[108] N. Varopoulos and S. Mustapha, Analysis on Lie Groups, Cambridge
University Press, 2001.
[109] N. Varopoulos, L. Saloff-Coste, and T. Coulhon, Analysis and Geome-
try on Groups, Cambridge University Press, 1992.
[110] K. Yosida, Functional Analysis, Springer-Verlag, 1965.
17
